ABSTRACT. We consider Lagrangian-like submanifolds in certain even-dimensional 'symplecticlike' Poisson manifolds. We show that these have unobstructed deformations and that the deformations automatically preserve the Lagrangian-like property.
In fact, we will prove that these deformation spaces are identical and smooth. Thus, our main purpose is to prove
Theorem. Let Y be a pseudo-Lagrangian submanifold of a normal pseudo-symplectic Kählerian Poisson manifold (X, Π). Then the triple (X, Π, Y) has unobstructed deformations, and under these deformations Y remains pseudo-Lagrangian.
This includes the special case where Y is empty, which is the main result of [8] , as well as the special case where Π is symplectic (so D is empty: Voisin's theorem [11] ). In fact, we will prove a more precise result (see Theorem 3 below).
From a different viewpoint, some results on deformations of submanifolds of Poisson manifolds were obtained by Baranovsky, Ginzburg et al. [1] .
THE NORMAL DG ATOM
Let Y be a pseudo-Lagrangian submanifold of a pseudo-symplectic manifold (X, Π). Our purpose in this section is to describe a Lie-theoretic object (a dg Lie atom) which controls deformations of Y in X preserving the pseudo-Lagrangian property. Let N denote the normal bundle of This result is not new. The existence of the differential on N . was certainly known to Baranovsky et al. [1] , as was, in some form, the relationship of N . to pseudo-Lagrangian deformations.
Proof of Theorem.
(i) Everything but the 'differential' assertion is more or less standard and valid independent of the Poisson structure. Thus, it is discussed at length in [9] and [10] that N has the structure of Lie atom, deduced from viewing it as the mapping cone of the inclusion of Lie algebra sheaves
where T X/Y denotes the sheaf of vector fields on X tangent to Y. This structure induces a graded Lie atom structure on N . , deduced from the mapping cone of
where T . X is the Schouten graded Lie algebra and T X/Y T . X the exterior ideal generated by T X/Y , which is easily seen to be a graded Lie subalgebra, though not a Lie ideal.
The Poisson structure Π enters into the differential (on T . X , hence on N . 
This vanishes on Y by the Lagrangian condition, which shows that [v, Π] ∈ T X/Y T X ⊂ 2 T X . Assertion (ii) follows from the stronger result below.
We will denote the differential graded Lie algebra T X/Y T .
X seen above by T . X {Y}. By a PoissonLagrange deformation of a triple (X, Π, Y) as above we mean a triple (X,Π,Ỹ) so that (X,Π) is a Poisson deformation of (X, Π), (X,Ỹ) is a deformation of (X, Y), andỸ is pseudo-Lagrangian (isotropic) with respect toΠ. Dropping the last condition leads to (plain) Poisson deformations of X, Π, Y).
Theorem 2. The deformation theory of T . X {Y} coincides with the Poisson-Lagrange deformation theory of the triple (X, Π, Y) .
Proof. What's being asserted is that given a local artinian algebra R, Poisson-Lagrange deformations of (X, Π, Y) are in bijective correspondence with comultiplicative elements of the JacobiBernoulli cohomology H 0 (J(T .
X {Y}, R). In proving this, we may assume the corresponding assertions for the dglas T .
X and T X/Y with R coefficients, as well as for T . X {Y} with coefficients in R 1 , dim C (R 1 ) < dim C (R), to be true.
Thus let R 1 = R/(η) where η is in the socle Ann(m R ), and suppose given a deformation diagram
so that (X,Π) is a Poisson deformation, (Ỹ ⊂X) is a flat deformation, and so that the pullback over R 1 is a Poisson-Lagrange deformation. The obstruction toỸ being pseudo-Lagrangian over R is the Poisson bracket {., .} : IỸ × IỸ → OỸ and by our assumption that everything is ok over R 1 this factors through a pairing
Note that this obstruction is of a local nature, so in analyzing it we may choose compatible local coordinates on X and Y and assume that the deformationX is trivial, i.e. X × Spec(R), as isỸ abstractly. Then the deformationỸ →X corresponds to a map
Then in these terms the obstruction (2) is given by Finally, assetions (ii) and (iii) follow as in [8] from, respectively, the vanishing of the bracketinduced map on H(Ω 1 X {Y} log D ), and from Deligne's result on E 1 degeneration for Ω . X {Y} log D [2] , which implies surjectivity on cohomology of the edge map 
